Tunnel number, connected sum and meridional essential surfaces  by Morimoto, Kanji
Topology 39 (2000) 469}485
Tunnel number, connected sum and meridional
essential surfaces
Kanji Morimoto
Department of Mathematics, Takushoku University, Tatemachi, Hachioji, Tokyo 193, Japan
Received 27 July 1998; in revised form 30 November 1998
Abstract
For given orientable closed 3-manifolds M
1
, M
2
,2,M
n
and for given knots K
1
, K
2
,2,K
n
in
M
1
, M
2
,2, M
n
, respectively, we show that if none of those 3-manifolds have lens space summands and none
of those knot exteriors contain meridional essential surfaces, then the tunnel numbers of those knots do not
go down under connected sum, i.e. t(K
1
dK
2
d2dK
n
)*t(K
1
)#t(K
2
)#2#t(K
n
). ( 2000 Elsevier
Science Ltd. All rights reserved.
1. Introduction
Let M be an orientable closed 3-manifold and K a knot in M. Let N(K) be a regular
neighborhood of K in M and E (K)"cl (M!N(K)) the exterior of K. Then the tunnel number of
K, denoted by t(K), is the minimal number of mutually disjoint arcs c
1
,c
2
,2, ct properly embedded
in E(K) such that cl(E(K)!N(LE(K)Xc
1
X2Xc
t
)) is a handlebody, where N(LE(K)Xc
1
X2Xc
t
)
is a regular neighborhood of LE(K)Xc
1
X2Xc
t
in E(K). We call the collection of the arcs
Mc
1
, c
2
,2, ctN an unknotting tunnel system for K.
Let M
1
, M
2
be oriented closed 3-manifolds, and K
1
, K
2
oriented knots in M
1
, M
2
, respectively.
Take a 3-ball B
i
in M
i
(i"1, 2) so that B
i
intersects K
i
in a single trivial arc in B
i
, and put
M@
i
"cl(M
i
!B
i
) and K@
i
"cl(K
i
!B
i
). Glue the boundaries LM@
1
and LM@
2
via an orientation
reversing homeomorphism which maps LK@
1
to LK@
2
coherently. Then we get a new oriented closed
3-manifold M@
1
XM@
2
and a new knot K@
1
XK@
2
in M@
1
XM@
2
. We call this operation the connected sum
of (M
1
, K
1
) and (M
2
, K
2
), and denote them by M
1
dM
2
and K
1
dK
2
, i.e. (M
1
,K
1
)d
(M
2
, K
2
)"(M
1
dM
2
, K
1
dK
2
).
A surface (i.e. a connected 2-manifold) F properly embedded in a compact 3-manifold is essential
if F is incompressible and not L-parallel. Hence if an incompressible surface properly embedded in
a knot exterior E(K) has negative Euler characteristic, then it is essential because LE(K) is a torus.
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Concerning the relationship between the tunnel number of knots and the connected sum of
knots, it has been shown in [12, 8] that for any integer n, there are in"nitely many knots K
1
, K
2
in
S3 such that t(K
1
dK
2
)(t(K
1
)#t(K
2
)!n. On the other hand, it has been shown in [20, 15] that,
for knots K
1
, K
2
in S3, the inverse inequality t(K
1
dK
2
)*t(K
1
)#t(K
2
) holds if neither E(K
1
) nor
E(K
2
) contains closed essential surfaces.
In this paper, we show a more generalized result. We say that a simple closed curve in LE(K) is
a meridian of K if it bounds a meridian disk of N(K) and that a surface F properly embedded in
a knot exterior E(K) is meridional if LFO0 and each component of LF is a meridian of K. Then we
have:
Theorem 1.1. ‚et M
1
, M
2
,2, Mn be orientable closed 3-manifolds and K1, K2,2, Kn knots in
M
1
, M
2
,2, Mn, respectively. If none of M1, M2,2, Mn have lens space summands and none of
E(K
1
), E(K
2
),2,E(Kn) contain meridional essential surfaces, then t(K1dK2d2dKn)*
t(K
1
)#t(K
2
)#2#t(K
n
).
As a corollary we have:
Corollary 1.2. ‚et K
1
, K
2
,2, Kn be knots in S3. If none of E(K1), E(K2),2, E(Kn) contain meridi-
onal essential surfaces, then t(K
1
dK
2
d2dK
n
)*t(K
1
)#t(K
2
)#2#t(K
n
).
By [2, Theorem 2.0.3], for a knot K in S3, if E(K) contains a meridional essential surface, then
E(K) contains a closed essential surface. Hence we have:
Corollary 1.3 ([20, Corollary 13] and [15, Theorem 5]). ‚et K
1
, K
2
,2, Kn be knots in S3. If none of
E(K
1
), E(K
2
),2, E(Kn) contain closed essential surfaces, then t(K1dK2d2dKn)*t(K1)#
t(K
2
)#2#t(K
n
).
To show Theorem 1.1, we consider a sequence of strongly irreducible Heegaard splittings instead
of a single Heegaard splitting. The sequence of strongly irreducible Heegaard splittings has been
developed by Scharlemann and Thompson [18] together with a concept of an amalgamation of
Heegaard splittings due to Schultens [19]. Recently, it has been used in [17] to show the inequality
t(K
1
dK
2
d2dK
n
)*n for any non-trivial knots K
1
, K
2
,2, Kn in S3.
Remark 1.4. The condition that E(K
i
) contains no meridional essential surfaces is a su$cient
condition for tunnel numbers not to go down, but is not a necessary condition. In fact, Moriah has
shown in [14] that for any integers r’1 and s’1, there are in"nitely many knots K
1
and K
2
in
S3 such that t(K
1
)"r, t(K
2
)"s, t(K
1
dK
2
)"t(K
1
)#t(K
2
) and E(K
i
)(i"1, 2) contains a meridi-
onal essential surface.
By the above remark, we next need to "nd the condition on meridional essential surfaces that
causes tunnel numbers to go down. For the connected sum of tunnel number two knots and tunnel
number one knots, we have completely characterized such meridional essential surfaces in [13].
But in general, we ask:
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Question 1.5. =hat kind of meridional essential surfaces can cause the tunnel numbers to go down?
Now, for a knot K in S3, we say that K is small if E(K) contains no closed essential surfaces, and
that K is meridionally small if E(K) contains no meridional essential surfaces. Then we show the
next proposition which proves that Corollary 1.2 properly includes Corollary 1.3:
Proposition 1.6. For any positive integer n, there are in,nitely many knots K in S3 such that
(i) t(K)’n,
(ii) K is meridionally small and
(iii) K is not small.
2. Preliminaries
Let F be a disjoint union of closed orientable surfaces with positive genus, and let I"[0, 1] be
the unit interval. Then a compression body < is a connected orientable 3-manifold obtained from
F]I or a 3-ball B by attaching several 1-handles to F]M1N or to LB. We denote F]M0N by L
~
<
and put L
`
<"L<!L
~
<. If L
~
<"0 (i.e. the case taking the 3-ball B), then L<"L
`
< and < is
a handlebody. If <"F]I, then we call < a trivial compression body. We say that an annulus
properly embedded in a compression body< is spanning if one of the two boundary components of
the annulus is in L
~
< and the other is in L
`
<.
Lemma 2.1. ‚et < be a non-trivial compression body, and let A be a collection of essential annuli
properly embedded in <. „hen there is an essential disk properly embedded in < which is disjoint
from A.
Proof. Since < is not L
~
<]I or a 3-ball by the hypothesis, there is a complete disk system for <,
say D, i.e. D is a collection of essential disks of < which cuts < into L
~
<]I or a 3-ball. By the
irreducibility of < and the incompressibility of A, we can rechoose D so that each component of
DWA is an essential arc properly embedded inA. Then the spanning annuli of A are all disjoint
from D.
Let a be an outermost component of DWA in D, * the outermost disk for a, and let A be the
annulus containing a. Perform a boundary compression of A along *. Then we get an essential
disk, say E, by cutting A along a, and we can regard A as a union of E and a band, say b. Let E@ be
the disk obtained by slightly pushing E o! so that E@Wb"0. Then E@ is an essential disk in
< disjoint from A and this completes the proof of the lemma. K
Remark 2.2. By the proof of Lemma 2.1, we see that A (a collection of essential annuli in
a compression body <) consists of spanning annuli and of annuli each of which is a union of an
essential disk and a band.
Let M be a compact connected orientable 3-manifold. Then M can be decomposed into two
compression bodies <
1
and <
2
so that <
1
W<
2
"L
`
<
1
"L
`
<
2
. The pair (<
1
, <
2
) is called
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a Heegaard splitting of M. We say that the surface L
`
<
1
"L
`
<
2
, say S, is the Heegaard surface and
that the genus of S is the genus of the Heegaard splitting (<
1
, <
2
).
For a given Heegaard splitting (<
1
, <
2
) of a given 3-manifold M, we say that (<
1
, <
2
) is reducible
(weakly reducible resp.) if there are essential disks D
1
L<
1
and D
2
L<
2
such that LD
1
"LD
2
(LD
1
WLD
2
"0 resp.), and that (<
1
, <
2
) is irreducible (strongly irreducible resp.) if it is not reducible
(not weakly reducible resp.). The next lemma is due to Schultens [20].
Lemma 2.3 ([20, Lemma 6]). ‚et Q be an incompressible surface (not a 2-sphere, a 2-disk or
a projective plane) properly embedded in M"<
1
X<
2
. If the Heegaard splitting (<
1
, <
2
) is strongly
irreducible, then Q can be isotoped so that Q intersects the Heegaard surface S in essential loops in
both Q and S.
Proof. First, we note that M is irreducible, because if M is reducible then by [3, 1], (<
1
, <
2
) is
reducible and hence weakly reducible, a contradiction.
By regarding <
1
as a small regular neighborhood of L
~
<
1
X (arcs), we may assume that QW<
1
consists of essential disks and spanning annuli, and we may assume that the number of components
of QW<
1
, say DQW<
1
D, is minimal among all essential surfaces ambient isotopic to Q. Then by the
incompressibility of Q, the irreducibility of M and the minimality of DQW<
1
D, QW<
2
is an incom-
pressible surface properly embedded in <
2
.
Put Q
2
"QW<
2
, and let D be a complete disk system of <
2
. Then by rechoosing D if necessary,
we may assume that each component of Q
2
WD is an essential arc properly embedded in Q
2
. Let
a
1
be an outermost component of Q
2
WD in D, and *
1
the outermost disk. Perform a boundary
compression of Q
2
along *
1
which pushes a regular neighborhood of a
1
in Q
2
into <
1
. Then as in
[4], we have a sequence of such isotopies which realizes a hierarchy (Q(1)
2
, a
1
), (Q(2)
2
, a
2
),2, (Q(n)2 , an)
for Q
2
, where Q(1)
2
"Q
2
, a
i
is an essential arc in Q(i)
2
, Q(i`1)
2
"cl(Q(i)
2
!N(a
i
)) and each component of
Q(n`1)
2
"cl(Q(n)
2
!N(a
n
)) is an essential disk or a spanning annulus in <
2
. Put Q(1)"Q and Q(i) be
the image of Q(i~1) after the isotopy. Then Q(i)
2
"Q(i)W<
2
, and put Q(i)
1
"Q(i)W<
1
.
If Q(1)
1
consists of spanning annuli only, then since Q(1)"Q is not a disk, Q(1) intersects S in
essential loops in both Q(1) and S. Hence we may assume that Q(1)
1
has disk components, and Q(1)
2
is
not a disk because Q(1) is not a 2-sphere. If Q(n`1)
2
consists of spanning annuli only, then
Q(n`1) intersects S in essential loops in both Q(n`1) and S because Q(n`1) is not a disk. Hence we
may assume that Q(n`1)
2
has disk components.
Then, for some kth stage, none of Q(1)
2
, Q(2)
2
,2, Q(k)2 have disk components and Q(k`1)2 has an
essential disk component. Since a
k
is an essential arc in Q(k)
2
and a
k
splits Q(k)
2
into an essential disk
and the other components, a
k
is contained in an annulus component or a MoK bius band component
of Q(k)
2
, say A. Then by the proof of Lemma 2.1, A can be regarded as a union of an essential disk,
say D, and a band, say b, in<
2
. And by the kth isotopy at a
k
, the band b is pushed into<
1
and a new
band in <
1
is produced, say b@. If there is no disk component in Q(k)W<
1
"Q(k)
1
, then the proof is
completed because there is no disk component in Q(k)W<
2
"Q(k)
2
either.
Suppose there is a disk component in Q(k)
1
, say D@. Then, since there is no disk components in
Q(k`1)
1
by the strongly irreducibility of (<
1
, <
2
), the band b@ is connected to the disk D@. If A is
a MoK bius band, then, since a
k
connects the single-component LA, LA is identi"ed with LD@ and
AXD@ is a projective plane, a contradiction. Suppose A is an annulus. Then, since a
k
connects the
two components of LA, the band b@ connects D@ and the other component of Q(k)
1
. Take a disk
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parallel to DL<
2
, say DA, with DAWb"0. Then DA is an essential disk in<
2
and is disjoint from D@
on S. This contradicts the strong irreducibility of (<
1
, <
2
). Hence, Q(k)
1
has no disk components and
Q(k) intersects S in essential loops in both Q(k) and S. This completes the proof of the lemma. K
3. Proof of Theorem 1.1 in the case when n 5 2
In this section, we prove Theorem 1.1 in the case when n"2. Put M"M
1
dM
2
,
K"K
1
dK
2
LM, and let S2 be the decomposing 2-sphere in M. Let Mc
1
, c
2
,2,ctN be the
unknotting tunnel system for K which realizes the tunnel number t (K). Let N (K) be a regular
neighborhood of K in M, and put E (K)"cl (M!N (K)), <
1
"N (LE (K)Xc
1
X2Xc
t
),
<
2
"cl (E (K)!<
1
) and S"L
`
<
1
"L
`
<
2
. Then <
1
is a compression body with L
~
<
1
"LE (K),
<
2
is a handlebody and (<
1
, <
2
) is a minimal genus Heegaard splitting of E (K). Put
A"cl (S2!N (K)). Then A is a meridional annulus properly embedded in E (K). If A is compress-
ible, then there is a compressing disk D for A. Since A splits E (K) into E (K
1
) and E (K
2
), D is
properly embedded in E (K
1
) or in E (K
2
), say E (K
2
). Then LD is a meridian of K
2
and D is
a meridional essential disk in E (K
2
), a contradiction. Hence A is incompressible in E (K).
Moreover, A is not L-parallel because we may assume that K
i
is not a trivial knot in S3 (i"1, 2).
Thus A is a meridional essential annulus properly embedded in E (K) which splits E (K)
into E (K
1
) and E (K
2
).
Lemma 3.1. If A intersects <
1
in exactly two spanning annuli, then t (K
1
dK
2
)*t (K
1
)#t (K
2
).
Proof. Since A is a separating annulus, AW<
1
splits <
1
into two pieces, say=
1
and;
1
. And, since
AW<
2
is a single separating annulus, it splits <
2
into two pieces, say =
2
and ;
2
. Then
=
1
X=
2
"E (K
1
) and ;
1
X;
2
"E (K
2
), and we can regard these splittings are Heegaard split-
tings of E (K
1
) and E (K
2
). Then by observing these Heegaard splittings (<
1
, <
2
), (=
1
,=
2
) and
(;
1
,;
2
), we get the required inequality. For a more detailed argument see [11] or [20]. K
First, suppose that at least one of E (K
1
) and E (K
2
), say E (K
2
), is reducible. Then there is
a separating essential 2-sphere, say S
2
, in E (K
2
). Then by connecting a disk in S
2
and an arc in
K
2
via a tube, we get a meridional annulus, say A
2
, properly embedded in E (K
2
). If A
2
is
compressible, then there is a compressing disk, say D, for A
2
. Then D together with a component of
A
2
!D becomes a meridional essential disk in E (K
2
), a contradiction. Hence A
2
is incompressible.
Note that A
2
is L-compressible and we can take a L-compressing disk, say D. Since E (K
2
) contains
no meridional essential surfaces, A
2
is parallel to an annulus in LE (K
2
). Then by this parallelism we
can take a L-compressing disk for A
2
, say D@, in the opposite side to D so that D@WA
2
is an arc which
coincides with the arc DWA
2
. Then DXD@ is a disk such that L (DXD@) is a longitude of N (K
2
). This
means that the knot K
2
in M
2
bounds a disk in M
2
, and we can put M
2
+S3dM
2
so that K
2
is the
trivial knot O in S3.
Hence (M
1
, K
1
)d(M
2
, K
2
)+(M
1
, K
1
)d(S3, O)dM
2
+(M
1
, K
1
)dM
2
, where the latter d is the
connected sum as 3-manifolds. Then E (K
1
dK
2
)+E (K
1
)dM
2
, and by the additivity of the
Heegaard genus by [3, 1], we have g (E(K
1
dK
2
))"g (E (K
1
))#g (M
2
). Moreover, since O is
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the trivial knot in S3, g (M
2
)"t (K
2
) and t (K
1
dK
2
)"g (E(K
1
dK
2
))!1"g (E (K
1
))!1#
g (M
2
)"t (K
1
)# t (K
2
). This completes the proof of the case when at least one of E (K
1
) and E (K
2
)
is reducible. Thus, hereafter, we assume that both E (K
1
) and E (K
2
) are irreducible and hence
E (K)+E (K
1
dK
2
) is irreducible.
Now, we divide the proof into two subcases: the case when (<
1
, <
2
) is strongly irreducible and the
case when (<
1
, <
2
) is weakly reducible.
Case 1: (<
1
, <
2
) is strongly irreducible. In this case, by Lemma 2.3, we may assume that AWS
consists of essential loops in both A and S. Then we can put AW<
1
" A*
1
XA*
2
XA
1
X2XA
m
and
AW<
2
"B
1
XB
2
X2XB
m`1
, where A*
i
(i"1, 2) is a spanning annulus in <
1
, A
j
( j"1, 2,2, m) is
an essential annulus in <
1
and B
j
( j"1, 2,2, m#1) is an essential annulus in <2.
If m"0, then the proof is completed by Lemma 3.1. Suppose m’0. By Lemma 2.1, there is an
essential disk properly embedded in <
1
, say D
1
, with D
1
W(AW<
1
)"0. Take such essential disks as
many as possible, and let D"D
1
XD
2
X2XD
k
be a maximal collection consisting of such disks,
i.e. these disks are mutually disjoint and any other essential disk D@ with D@W(AW<
1
)"0 and
D@WD"0 is parallel to one of these disks. Remove N (D) from <
1
. If cl (<
1
!N (D)) has 3-ball
components, remove those 3-balls too, and put <*
1
"cl (<
1
!(N (D)X(3-balls))). Then by the
maximality, each component of L<*
1
!A is incompressible in <*
1
.
Suppose there is a component of L<*
1
!A, say F, which is compressible in E (K). Then, since F is
incompressible in <*
1
, F is compressible in cl (E (K)!<*
1
). Then, by [1, Lemma 1.1], F has
a compressing disk in <
2
, say D, because ((N (L
`
<
1
)XN (D)X (3-balls)),<
2
) is a Heegaard splitting of
cl (E (K)!<*
1
). Then D is an essential disk in <
2
and LDWLD"0. This contradicts the strong
irreducibility of (<
1
, <
2
). Hence, each component of L<*
1
!A is incompressible in E (K), and in
E (K
1
) or in E (K
2
).
Let F be a component of L<*
1
!A. Then, since each component of LF is a central loop of A, F is
a meridional incompressible surface properly embedded in E (K
1
) or in E (K
2
). If F has negative
Euler characteristic, then F is not L-parallel, a contradiction. Thus each component of L<*
1
!A is
an annulus, and each component of L<*
1
is a torus. Then, since <*
1
is obtained by cutting <
1
along
essential disks, <*
1
consists of LE (K)]I and several solid tori. And each component of AW<
1
except A*
1
and A*
2
is a L-parallel annulus in the component of <*
1
.
Suppose LE (K)]I contains a component of AW<
1
!(A*
1
XA*
2
), say A
i
, and assume that A
i
is
innermost in LE (K)]I. Then there is an annulus in LE (K)]I, say A@
i
, such that a component of LA@
i
is a central loop of A
i
, say c
i
, and the other component of LA@
i
is a meridian loop of K in LE (K) (cf.
the left side one in Fig. 3). In the "gure, A@ corresponds to A
i
, AA corresponds to A@
i
and
„
1
corresponds to LE (K). Since c
i
is a central loop of A
i
, it is a central loop of the decomposing
annulus A and it splits A into two annuli, say A1 and A2. Since A@
i
is properly embedded in E (K
1
) or
in E (K
2
), say E (K
1
), and since E (K
1
) contains no meridional essential annulus, we may assume
that A@
i
is properly isotopic to A2 in E (K
1
). Then by taking A@
i
XA1 instead of A, we can remove the
component A
i
by an isotopy. By repeating these procedures, we may assume that
(LE (K)]I)WA"A*
1
XA*
2
.
As we have seen above, we can remove the components of (LE (K)]I)WA!(A*
1
XA*
2
) by
ambient isotopies. But in the general case, which is argued in section 4, we will need to use cut and
paste operations.
Next, let < be a solid torus component of <*
1
. Then, since each component of L<*
1
!A is
incompressible in<*
1
, < contains a component of AW<
1
, say A
i
, which winds around the longitude
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Fig. 1.
of < at least once. Assume A
i
is innermost in <, and suppose A
i
winds around the longitude of
< p times for some p’1. Then, since each component of AW< is L-parallel in<, we can "nd a solid
torus in <, say <@, such that AW<@"AWL<@"A
i
. Since A
i
is an annulus contained in the
decomposing 2-sphere S2, cl (S2!A
i
) consists of two disks, say D and D@. Then
DW<@"LDWL<@"LD is a loop winding around the longitude of <@ p times, and we may assume
that DX<@ is contained in M
1
. This means that M
1
has a lens space summand of the order p,
a contradiction. Hence, we see that each component of AW<
1
contained in a solid torus component
of <*
1
winds around the longitude of the solid torus exactly once.
Now, recall AW<
1
"A*
1
XA*
2
XA
1
X2XA
m
and AW<
2
"B
1
XB
2
X2XB
m`1
, and suppose
A*
1
is adjacent to B
1
. In addition, suppose B
1
is adjacent to A
1
because of m’0. Then we may
assume that LB
1
is identi"ed with a component of LA*
1
, say a*, and with a component of LA
1
, say a.
Then, since (LE (K)]I)WA"A*
1
XA*
2
and since <
1
is obtained by connecting LE (K)]I, several
solid tori and 3-balls with 1-handles, we can take a simple closed curve in L
`
<
1
which intersects
a* in a single point transversely and does not meet a. This means that a*Xa does not split L
`
<
1
,
and that B
1
is a non-separating annulus in <
2
.
Let N (B
1
) be a regular neighborhood of B
1
in <
2
and put <@
2
"cl (<
2
!N (B
1
)).
Then <@
2
is a handlebody with the same genus as that of <
2
. Put <@
1
"<
1
XN (B
1
). Then,
since B
1
is an annulus connecting A*
1
and A
1
and since A
1
winds around the longitude
of the component of <*
1
exactly once, <@
1
is a compression body with the same genus as
that of <
1
(see Fig. 1). Then (<@
1
, <@
2
) is a Heegaard splitting of E(K) with the same genus as that of
(<
1
, <
2
), and since A*
1
XB
1
XA
1
is an annulus in <@
1
, the number DAW<
1
D decreases by one.
Now, if (<@
1
, <@
2
) is weakly reducible, then it is considered in the next case. If (<@
1
,<@
2
) is strongly
irreducible, then we can reduce the number DAW<@
1
D again. Finally, we get the Heegaard splitting
(<A
1
, <A
2
) of E (K) with the same genus as that of (<
1
, <
2
) such that AW<A
1
consists of two spanning
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annuli. Then by Lemma 3.1, we have the required inequality t (K
1
dK
2
)*t (K
1
)#t (K
2
). This
completes the proof of Case 1.
Case 2: (<
1
, <
2
) is weakly reducible. By the de"nition of the weak reducibility, we can "nd
essential disks D
1
L<
1
and D
2
L<
2
with LD
1
WLD
2
"0. Take a maximal collection of those disks,
say D
1
and D
2
, with LD
1
WLD
2
"0. Remove N (D
i
) from <
i
. If there are 3-ball components
in cl (<
i
!N (D
i
)), remove those 3-balls too. Then put <1
1
"cl (<
1
!(N(D
1
)X(3-balls))) and
<2
2
"cl (<
2
! (N (D
2
)X(3-balls))). And put <1
2
"N (L<1
1
)XN (D
2
)X(3-balls) and <2
1
"N (L<2
2
)X
N (D
1
)X (3-balls). Then <i
j
(i"1, 2, j"1, 2) is a compression body and (<i
1
,<i
2
) is a Heegaard
splitting (i"1, 2). Then L
~
<1
2
is identi"ed with L
~
<2
1
and, by [1, Theorem 3.1], it is incompressible
in<
1
X<
2
"E (K). The original Heegaard splitting (<
1
,<
2
) is an amalgamation of the two Heegaard
splittings (<1
1
, <1
2
) and (<2
1
, <2
2
). The notion of amalgamation of Heegaard splittings is due to
Schultens [19].
If one of (<1
1
, <1
2
) and (<2
1
, <2
2
) is weakly reducible, then continue these procedures. Then as in
[18] or in [16], we get a sequence of Heegaard splittings as follows:
E (K)"(<1
1
X
S1
<1
2
)X
F1
(<2
1
X
S2
<2
2
) X
F2
X2X
Fm~1
(<m
1
X
Sm
<m
2
).
Each component of (<i
1
, <i
2
) is a strongly irreducible Heegaard splitting.
Only one component of (<i
1
,<i
2
) is not a product component.
F
i
"L
~
<i
2
WL
~
<i`1
1
is incompressible in E(K).
Each component of F
i
has positive genus.
LE (K)"L
~
<1
1
.
For a more detailed argument concerning the above sequence of Heegaard splittings, see [18]
or [16].
Suppose the component of (<1
1
, <1
2
) containing LE (K) is a product component. Then remove the
component from (<1
1
, <1
2
) and attach it to the corresponding component of L
~
<2
1
. Then next
consider the component of (<2
1
, <2
2
) containing LE (K). If it is a product component, then remove it
and attach it to the corresponding component of L
~
<3
1
. Then by continuing these procedures until
LE (K) is contained in the component of (<i
1
, <i
2
) which is not a product component, we can change
the above condition &&LE (K)"L
~
<1
1
'' to the following:
LE (K) is contained in some component of L
~
<i
1
, and the component of (<i
1
, <i
2
) containing
LE (K) is not a product component.
Now, consider the intersection of A and F
i
(i"1, 2,2, m!1). Then, since both A and Fi are
incompressible in E (K) and since E (K) is irreducible, we may assume that each component of AWF
i
is an essential loop in both A and F
i
. Suppose there is some component of F
1
XF
2
X2XF
m~1
, say
P, which intersects A and has a negative Euler characteristic. Then there is a component of P!A
which has a negative Euler characteristic and is a meridional essential surface properly embedded
in E (K
1
) or in E (K
2
), a contradiction. Hence A intersects only torus components of
F
1
XF
2
X2XF
m~1
.
Let „ be a torus component of F
1
XF
2
X2XF
m~1
intersecting A. Then since A is a separating
annulus in E (K), A intersects „ in an even number of times. Put „!A" R
1
XR
2
X2XR
k
. Then
each R
i
is a meridional annulus properly embedded in E (K
1
) or in E (K
2
), and it is parallel to an
annulus in LE (K
1
) or in LE (K
2
). Here, according to [20], we say that R
i
is a wide annulus if R
i
is
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parallel to an annulus containing the annulus LE (K)WE (K
1
) or the annulus LE (K)WE (K
2
).
Otherwise R
i
is a narrow annulus, i.e. R
i
is isotopic to a subannulus of A.
If R
1
, R
2
,2, Rk are all wide annuli, then k"2 and „ is parallel to LE (K). Then „ splits E (K)
into „]I and the other 3-manifold homeomorphic to E (K). Then, since LE (K) is not contained in
a product component of (<1
1
, <1
2
), (<2
1
, <2
2
),2, (<m1, <m2), „]I contains some 1-handles and some
2-handles of the Heegaard splitting (<
1
, <
2
). This shows that E (K) has a lower genus Heegaard
splitting than the genus of (<
1
, <
2
), a contradiction. Hence, there is a narrow annulus in
R
1
, R
2
,2, Rk, say Ri, and Ri is parallel to a subannulus of A. Then we can remove the correspond-
ing intersections of A and „ ("LR
i
) by the above parallelism. By repeating these procedures, we
can take A to be disjoint from F
1
XF
2
X2XF
m~1
.
We note that, in the general case, which is argued in section 4, we will need to use cut and paste
operations to remove the intersections instead of ambient isotopies.
Here, we prepare a lemma. Consider a torus which is obtained from the annulus A by tubing
along the annulus LE (K)WE (K
i
) (i " 1 or 2). Such a torus is called a swallow follow torus. Then
by the de"nition, we may assume that a swallow follow torus is contained in E (K
1
) or in E (K
2
), and
we have the following:
Lemma 3.2. If a swallow follow torus is contained in E (K
1
) (in E (K
2
) resp.), then it splits E (K) into
E (K
1
) and E (K
2
)!(a solid torus ) (into E (K
2
) and E (K
1
)!(a solid torus) resp.). (see Fig. 2).
Now, suppose A is contained in some <i
1
X<i
2
, and let (=
1
,=
2
) be the component of (<i
1
, <i
2
)
containing A. Then (=
1
,=
2
) is a strongly irreducible Heegaard spliting and we may assume that
LE (K) is contained in L
~
=
1
.
Apply the same arguments as those of Case 1 to the Heegaard splitting (=
1
,=
2
). Let=*
1
be the
3-manifold obtained from=
1
by removing a regular neighborhood of essential disks disjoint from
AW=
1
, and 3-balls if necessary. Then each component of L
`
=*
1
is a torus and each component of
=*
1
is a (torus ]I) or a solid torus. Hence, we can put L
~
=*
1
"LE (K) X„
1
X2X„
r
and
=*
1
"(LE (K)]I)X(„
1
]I)X2X(„
r
]I)X(several solid tori). Moreover, we may assume that
(LE (K)]I)WA consists of two spanning annuli similarly to the proof of Case 1.
Suppose AW((„
1
]I)X2X(„
r
]I))"0. If AW=
1
contains essential annuli not spanning annuli,
then by the same arguments as those of Case 1, we can "nd a Heegaard splitting (=@
1
,=@
2
) of
=
1
X=
2
with the same genus such that DAW=@
1
D(DAW=
1
D. If (=@
1
,=@
2
) is weakly reducible, then
we can lengthen the length ("m) of the sequence of the Heegaard splittings. But if we take the
length to be maximal at the starting point of this argument, it is impossible. Hence by repeating
these procedures, we can "nd a Heegaard splitting (=A
1
,=A
2
) of=
1
X=
2
with the same genus such
that AW=A
1
consists of two spanning annuli. Then by amalgamating the Heegaard splittings
(<1
1
, <1
2
), (<2
1
, <2
2
),2, (<m1, <m2), using (=A1,=A2) instead of (=1,=2), we get a new Heegaard
splitting (<@
1
, <@
2
) of E (K) with the same genus such that AW<@
1
consists of two spanning annuli.
Then by Lemma 3.1, t (K
1
dK
2
)*t (K
1
)#t (K
2
).
Suppose AW((„
1
]I)X2X(„
r
]I))O0, say AW(„
1
]I)O0. Then each component of
AW(„
1
]I) is a L-parallel annulus whose boundary is contained in „
1
]M1N, where
„
1
"„
1
]M0NLL
~
=
1
. Let A@ be an innermost component of AW(„
1
]I). Then there is an annulus
AA such that a component of LAA is a central loop of A@ and the other component of LAA is
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contained in „
1
. By a cut and paste operation along AA, we get a new annulus from „
1
, say A@@@ ( see
Fig. 3).
Then A@@@ is a meridional incompressible annulus properly embedded in E (K
1
) or in E (K
2
), say
E (K
1
), and „
1
is an incompressible torus in E (K
1
). Then A@@@ is parallel to an annulus in LE (K
1
), say
C. If C is contained in A, then „
1
is contained in the solid torus bounded by A@@@XC. This
contradicts the incompressibility of „
1
. Hence C is not contained in A, and it contains the annulus
LE (K)WE (K
1
). This means that A@@@ is a wide annulus. Then, since „
1
can be regarded as a union of
A@@@ and the annulus cl (LE (K
1
)!C), „
1
is a swallow follow torus in E (K
1
)LE (K). Then, by noting
that a swallow follow torus is a separating torus in E (K), we can amalgamate the Heegaard
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splittings (<1
1
, <1
2
), (<2
1
, <2
2
) ,2, (<m1 , <m2 ) along F1,F2,2, Fm~1 except „1. Then, since LE (K) and„
1
are contained in L
~
=
1
, we get two Heegaard splittings (;1
1
, ;1
2
) and (;2
1
, ;2
2
), where
(;1
1
X;1
2
)X(;2
1
X;2
2
)"E (K), (;1
1
X;1
2
)W(;2
1
X;2
2
)"L
~
;1
2
WL
~
;2
1
"„
1
and LE (K)LL
~
;2
1
(see
Fig. 4).
Then by Lemma 3.2, ;1
1
X;1
2
"E (K
1
) and ;2
1
X;2
2
"E (K
2
)!(a solid torus). Then (;1
1
,;1
2
) is
a Heegaard splitting of E (K
1
). Put ;I 2
1
";2
1
X
T1
(a solid torus). Then (;I 2
1
,;2
2
) is a Heegaard
splitting of E (K
2
). Hence, by denoting the genus by g( ) ), we have: t (K
1
)#t (K
2
)
)g(;1
1
)!1#g(;I 2
1
)!1"g(;1
1
)#g(;2
1
)!2"the number of the one handles of <
1
"
g(<
1
)!1"t (K
1
dK
2
). This completes the proof of Theorem 1.1 in the case when n"2. K
4. Proof of Theroem 1.1 in the general case
Let S3 be a 3-sphere, K
0
a trivial knot in S3. Take mutually disjoint 3-balls B
1
, B
2
,2, Bn in
S3 each of which intersects K
0
in a trivial arc in the 3-ball. Put X"cl (S3!(B
1
XB
2
X2XB
n
)) and
K@
0
"cl (K
0
!(B
1
XB
2
X2XB
n
)). Let C
i
be a 3-ball in M
i
which intersects K
i
in a trivial arc in C
i
,
and put M@
i
"cl (M
i
!C
i
) and K@
i
"cl (K
i
!C
i
). Then put M"XXM@
1
XM@
2
X2XM@
n
"
M
1
dM
2
d2dM
n
and K"K@
0
XK@
1
XK@
2
X2XK@
n
" K
1
dK
2
d2dK
n
LM, where LB
i
is
identi"ed with LC
i
(i"1, 2,2 , n) (Fig. 5(1)).
Let N(K) be a regular neighborhood of K in M, E (K)"cl (M!N(K)) the exterior of K. Put
S
i
"LB
i
"LC
i
and A
i
"cl (S
i
!N(K)) (i"1, 2,2, n). Then each Ai splits E (K) into E (Ki) and
E (K
1
d2dK
i~1
dK
i`1
d2dK
n
). Put A"A
1
XA
2
X2XA
n
. We may assume that E (K) is
irreducible because we may assume that each E (K
i
) is irreducible by the same reason as that in
Section 3.
Lemma 4.1. ‚et F be a meridional essential surface in E (K). „hen F is an annulus which splits E (K)
into E (K
i1
d2dK
ir
) and E (K
ir`1
d2dK
in
) for some r. Hence E (K) contains no meridional
essential surfaces with negative Euler characteristic.
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Proof. Consider the intersections of F andA. Suppose FWA"0. If F is contained in some E (K
i
),
then since F is meridional essential in E (K), F is parallel to A
i
in E (K
i
) and we can push out F into
X. Hence we may assume that F is contained in X. More precisely, F is an incompressible surface
properly embedded in the solid torus cl (X!N(K@
0
)). Then F is an annulus which splitts E (K) into
E (K
i
d2dK
i`l
) and E (K
i`l`1
d2dK
i`n~1
), where the subletters are considered as modulo n.
Next, suppose FWAO0. Then by the incompressibility of F andA and by the irreducibility of
E (K), we may assume that each component of FWA is an essential loop in both F and A. Then,
since each A
i
is a separating annulus in E (K), we can put F!A "F
1
XF
2
X2XF
k
with k’1,
where F
1
has a component of LF and F
2
is adjacent to F
1
. Then, since none of
E (K
1
), E (K
2
),2,E (Kn) contain meridional essential surfaces, we may assume that F1 is contained
in X. Then F
1
is an incompressible annulus properly embedded in the solid torus cl (X!N(K@
0
)).
Next consider F
2
. Then F
2
is an incompressible surface properly embedded in some E (K
i
), and
F
2
is an annulus parallel to an annulus in LE (K
i
). If F
2
is isotopic to a subannulus of A
i
, then we
can push out F
2
into X. Hence we may assume that F
2
is isotopic to an annulus in LE (K
i
) not
contained in A
i
.
Let A1
i
, A2
i
, A3
i
be the three components of A
i
!F
2
with LF
2
"LA2
i
. Exchange A1
i
for F
1
and
A3
i
for F
1
XF
2
as illustrated in Fig. 6.
Then, by slightly pushing F
1
XA2
i
X(F
1
XF
2
) o!, we get a new meridional essential annulus, say
A@
i
, in E (K) which splits E (K) into E (K
i
) and E (K
1
d2dK
i~1
d K
i`1
d2dK
n
). Put
A@"(A!A
i
)XA@
i
. Then A@ is a collection of the decomposing annuli for E (K
1
dK
2
d2dK
n
)
and DFWA@D(DFWA D. This corresponds to changing the order of the connected sum
K
1
dK
2
d2dK
n
. Then by repeating these procedures, we get a collection of the decomposing
annuli AA for E (K
i1
dK
i2
d2dK
in
) with FWAA"0. Thus we get the required conclusion as we
have seen at the begining of this proof. In Fig. 5(2), the annulus F splits E (K
1
d2dK
5
) into
E (K
1
dK
3
) and E (K
2
dK
4
dK
5
). K
Let A
0
be some meridional essential annulus properly embedded in E (K). Then by Lemma 4.1,
A
0
splits E (K) into E (K
i1
d2dK
ir
) and E (K
ir`1
d2dK
in
). Consider a torus which is obtained
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from A
0
by tubing along the annulus LE (K)WE (K
i1
d2dK
ir
) or the annulus
LE (K)WE (K
ir`1
d2dK
in
). We call such a torus a swallow follow torus again. Then we may
assume that a swallow follow torus is contained in E (K
i1
d2dK
ir
) or in E (K
ir`1
d2dK
in
), and
by the de"nition and Lemma 4.1, we have:
Lemma 4.2. If a swallow follow torus is contained in E (K
i1
d2dK
ir
) (in E (K
ir`1
d2dK
in
) resp.),
then it splits E (K) into E (K
i1
d2dK
ir
) and E (K
ir`1
d2dK
in
)!(a solid torus) (into E (K
ir`1
d
2dK
in
) and E (K
i1
d2dK
ir
)!(a solid torus) resp.).
Let Mc
1
, c
2
,2, ctN be the unknotting tunnel system for K which realizes the tunnel number t (K),
and put <
1
"N(LE (K)Xc
1
X2Xc
t
), <
2
"cl (E (K)!<
1
) and S"L
`
<
1
"L
`
<
2
. Then (<
1
, <
2
) is
a Heegaard splitting of E (K). Put A"cl (S
1
!N(K)). Then A is a meridional essential annulus
properly embedded in E (K).
The proof of this general case is similar to the proof of the case when n"2, except the point
using cut and paste operations instead of using ambient isotopies to exchange the decomposing
annuli, and we need a little more generalized argument to see that „
1
is a swallow follow torus in
Case 2. In the arguments in the case when n"2, there are exactly two arguments to exchange the
decomposing annuli.
One of them is in Case 1: (<
1
, <
2
) is strongly irreducible. In this case, to reduce the intersections of
LE (K)]I and the given decomposing annulus A, we need to exchange the decomposing annuli. To
do this, we consider an annulus A@ in LE (K)]I such that a component of LA@ is a central loop in
A and the other component of LA@ is in LE (K). Let A
1
and A
2
be the two components of A!A@ and
consider the two annuli A
1
XA@ and A
2
XA@. Then, since A is a meridional essential annulus in E (K),
at least one of A
1
XA@ and A
2
XA@ is a meridional essential annulus in E (K), say A
1
XA@. Then by
taking A
1
XA@, we get a new decomposing annulus which intersects LE (K)]I in fewer components
than the intersection of LE (K)]I and A. In the case when n"2, A is ambient isotopic to A
1
XA@.
But in the general case, A is not necessarily ambient isotopic to A
1
XA@.
Next, the other is in Case 2: (<
1
, <
2
) is weakly reducible. In this case, to reduce the intersection of
torus components of F
1
XF
2
X2XF
m~1
and the given decomposing annulus A, we need to
exchange the decomposing annulus. Put „!A"R
1
XR
2
X2XR
k
. Then R
i
is an annulus proper-
ly embedded in E (K
i1
d2dK
ir
) or in E (K
ir`1
d2dK
in
) (in the general case ). We say that R
i
is
a wide annulus if R
i
is parallel to an annulus in LE (K
i1
d2dK
ir
) or in LE (K
ir`1
d2dK
in
)
containing the annulus LE (K)W E (K
i1
d2dK
ir
) or the annulus LE (K)WE (K
ir`1
d2dK
in
)
respectively.
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If all of them are wide annuli, then k"2 and „ is parallel to LE (K). Then we have a contradic-
tion by the same reason as that in Section 3. Hence there is an annulus, say R
i
, which is not a wide
annulus. Let A1XA2XA3 be the three components of A!R
i
with LR
i
"LA2. Put
A@"A1XR
i
XA3. Then, by slightly pushing A@ o!, we get a new annulus AA which is meridional
essential in E (K) because R
i
is not a wide annulus. Then by Lemma 4.1, AA is a decomposing
annulus in E (K), and by taking AA instead of A we can reduce the intersection of „ and A. By
repeating these procedures, we get a decomposing annulus A@@@ with A@@@W(F
1
XF
2
X2XF
m~1
)"0.
In the case when n"2, A is ambient isotopic to A@@@. But in the general case, A is not necessarily
ambient isotopic to A@@@.
Finally, in the argument to see that „
1
is a swallow follow torus in Case 2, consider the annulus
A@@@ in Fig. 3. Then, in Section 3, A@@@ is properly embedded in E (K
1
) or in E (K
2
), but in the general
case A@@@ is properly embedded in E (K
i1
d2dK
ir
) or in E (K
ir`1
d2dK
in
), say E (K
i1
d2dK
ir
).
If A@@@ is parallel to an annulus in LE (K
i1
d2dK
ir
). Then, by the same argument as that in Section
3, we see that „
1
is a swallow follow torus in E (K
i1
d2dK
ir
) L E (K). Suppose A@@@ is essential in
E (K
i1
d2dK
ir
). Then by Lemma 4.1, A@@@ splits E (K
i1
d2dK
ir
) into E (K
j1
d2dK
js
) and
E (K
js`1
d2dK
jr
), and we may assume that „
1
is an incompressible torus in E (K
j1
d2dK
js
).
Then, since „
1
is obtained from A@@@ by tubing along the annulus LE (K
i1
d2d
K
ir
)WE (K
j1
d2dK
js
), „
1
is a swallow follow torus in E (K
j1
d2dK
js
)LE (K).
Therefore, by similar arguments to those in Section 3 except the above arguments and by Lemma
4.1, we can get another decomposing annulus A@ in E(K) and another Heegaard splitting (<@
1
, <@
2
)
with the same genus as that of (<
1
, <
2
) such that A@W<@
1
consists of two spanning annuli, or we can
"nd a swallow follow torus in E(K) which splits (<
1
, <
2
) into two Heegaard splittings (;1
1
,;1
2
)
and (;2
1
,;2
2
). Then by Lemmas 3.1, 4.1 and 4.2, we have t(K
1
dK
2
d2dK
n
)*
t(K
i1
d2dK
ir
)#t(K
ir`1
d2dK
in
) for some r. Then by repeating these procedures, we get the
required inequality, and this completes the proof of Theorem 1.1. K
Remark 4.3. By more detailed arguments, we can show that (<@
1
,<@
2
) is weakly reducible if AW<@
1
consists of two spanning annuli. Hence, we note that we can take a minimal genus Heegaard
splitting of E(K
1
dK
2
d2dK
n
) to be weakly reducible under the hypothesis in Theorem 1.1.
5. Proof of Proposition 1.6
To show Proposition 1.6, we prepare a lemma which is a generalization of [9, Theorem]. In the
following, a doubled knot means the doubled knot in the sense of [21]. Recall the de"nitions of
small knots and meridionally small knots in S3.
Lemma 5.1. ‚et K
0
be a meridionally small knot in S3, and K a doubled knot whose companion is K
0
.
„hen K is also meridionally small.
Proof. Let < be a regular neighborhood of K
0
in S3. Then there is an immersion / from a 2-disk
DI into S3 such that /(DI )L<LS3, /(LDI )"K and the singular set of /(DI ) is a clasp arc as in Fig. 7.
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Put D"/(DI ). Then D is called a clasp disk for K (cf. [10]). Let c be the clasp arc in D and put
/~1(c)"c
1
Xc
2
LDI .
Suppose K is not meridionally small. Then, since there is a meridional essential surface properly
embedded in E(K), by capping o! the boudaries of the surface with meridian disks of N(K), we have
an orientable closed surface in the S3"E(K)XN(K), say F, such that cl(F!N(K)) is essential in
E(K). Consider the intersection of F and D. Then by the incompressibility of F!K, we can isotope
F so that FWD"(a
1
X2Xa
n
)X(b
1
X2Xb
m
)X (c
1
X2Xc
m
), where a
i
is an arc such that /~1(a
i
) is
an arc in DI separating c
1
and c
2
, and b
i
(c
i
resp.) is a simple closed curve such that /~1(b
i
) (/~1(c
i
)
resp.) is a simple closed curve intersecting c
1
(c
2
resp.) in a single point. Moreover, we order
b
1
, b
2
,2, bm and c1, c2,2, cm so that biW(c1X2Xcm)"biWci is a single point as in Fig. 8. In the
"gure, we put /~1(a
i
)"aJ
i
, /~1(b
i
)"bI
i
and /~1(c
i
)"cJ
i
.
Consider the innermost loop component of FWD, say b
1
, and let * be the disk bounded by b
1
in
D. Since b
1
intersects c
1
in a single point transversely, b
1
is a non-separating loop in F. Let<
1
, <
2
be
the two components bounded by F in S3 with *L<
1
, and let N(*) be the regular neighborhood of
* in <
1
. Then N(*)"*][!1, 1] and KWN(*)"MxN][!1, 1], where x is a point in Int*. Put
<@
1
"cl(<
1
!N(*)) and <@
2
"<
2
XN(*), and put F@"L<@
1
"L<@
2
.
Claim. cl(F@!N(K)) is essential in E(K).
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Proof. First, suppose F@!K is compressible in <@
1
!K. Then there is a compressing disk E for
F@!K in <@
1
!K. Then, since F!K is obtained from F@!K by tubing via an annulus
("L*][!1, 1]), EL<
1
!K and LE is essential in F!K. Hence F!K is compressible in
<
1
!K, a contradiction. Next, suppose F@!K is compressible in <@
2
!K. Then there is a com-
pressing disk E for F@!K in <@
2
!K. Then, since N(*) is a 2-handle for <
2
!K whose cocore is
N(*)WK, we may assume that E is disjoint from N(*). Then E is a compressing disk for F!K in
<
2
!K, a contradiction. Hence F@!K is incompressible in S3!K. Moreover, since DF@WKD*4
because of DFWKD*2, cl(F@!N(K)) is not an annulus parallel to an annulus in LN(K). This
completes the proof of the claim. K
By the above claim cl(F@!N(K)) is a meridional essential surface in E(K) and F@WD has fewer
loop components than that of FWD. Then by repeating these procedures, we can get a closed
orientable surface FA in S3 such that cl(FA!N(K)) is a meridional essential surface in E(K) and
FAWD consists of arc components only. Then by regarding< as a small neighborhood of D, FAW<
consists of meridian disks of <.
If FA!< is compressible in S3!<, then, since each disk of FAW< intersects K in two points,
FA!K is compressible in S3!K, a contradiction. If cl(FA!<) is an annulus parallel to an
annulus in L<, then FA is a 2-sphere, and by taking a 3-ball bounded by FA, we see that FA!K is
compressible in S3!K, a contradiction. Thus cl(FA!<) is a meridional essential surface properly
embedded in cl(S3!<), and K
0
is not meridionally small. Then by taking the contraposition, we
complete the proof of the lemma. K
Proof of Proposition 1.6. Let K
0
be a non-trivial 2-bridge knot in S3. Then K
0
is small
and meridionally small. Let K
1
be a doubled knot whose companion is K
0
. Then by Lemma 5.1,
K
1
is meridionally small, and E(K
1
) contains an essential torus, say „
1
, which splits E(K
1
)
into two pieces, one of them is homeomorphic to E(K
0
) and the other contains LE(K
1
). Next, let
K
2
be a doubled knot whose companion is K
1
. Then by the same reason as above, K
2
is
meridionally small and E(K
2
) contains essential tori, say „
1
, „
2
, where „
2
splits E(K
2
) into E(K
1
)
and the other.
Repeat these procedures 3n-times. Then we get a knot K
3n
such that K
3n
is meridionally small
and E(K
3n
) contains essential tori „
1
, „
2
,2,„3n, i.e. K3n is not small. Then M„1, „2,2,„3nN split
E(K
3n
) into 3n#1 pieces, and it is the torus decomposition in the sense of [5,6].
Let t(K
3n
) be the tunnel number of K
3n
. Then E(K
3n
) has a Heegaard splitting of genus
t(K
3n
)#1. Then by [7, Theorem 1], 3(t(K
3n
)#1)!3*3n#1. Hence we have t(K
3n
)’n. More-
over, if K
0
and K@
0
are di!erent 2-bridge knots, then K
3n
and K@
3n
are di!erent knots. This shows
that there are in"nitely many knots which satisfy the conclusions of Proposition 1.6 and completes
the proof of the proposition. K
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